
D E T E R M I N I N G  T H E R M O E L A S T I C  S T R E S S E S  IN A P L A T E  

A.  V. S u d a k o v  a n d  A. S. T r o f i m o v  UDC 539.30:536.242 

A method for approximate determination of thermoelas t ie  s t r e s se s  in an infinite plate is p r e -  
sented. With minimal complication of the problem, the proposed method yields resul ts  that 
deviate f rom the exact solutions within the limits of computational accuracy .  

Determination of the thermoelas t ic  s t r e s ses  in s t ruc tura l  elements often reduces to investigating the 
s t r e s se s  in an infinite plane wall in the absence of deflection. If the plate is insulated on one side, the 
maximum s t r e s se s  ~z usually appear at the surface facing the hea t - t r anspor t  medium, and are represented  
by the famil iar  expression [1] 
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The difficulty in employing (1) lies in finding the unsteady distribution of the temperature  field T(t,x). 

The analytic methods are  cumbersome,  since they lead to infinite ser ies  (see, for example, [2, 5]). 
Numerical  methods require  the use of a digital computer .  Simplified solutions are often required for p r a c -  
tical purposes .  Quasis ta t ionary methods are the most  common [3]. They are simple in computational p r o -  
cedure,  but deviate considerably from the exact solutions. We might refer  to them as f i r s t - o rde r  approxi-  
mat ions.  

Let us look at a s econd-o rde r  approximation,  which gives a more  exact solution with minimal compl i -  
cations of the problem. The tempera ture  field in a plate (Fig. 1) is descr ibed by the equation 
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Fig. 1. Tempera tu re  field 

in plate. 
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Fig.  2. Exact (a) and approximate (b) t r ans -  
fer functions in region of imaginary f r e -  
quencies.  
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OT 
z = l ,  - - = - - ~ ( ~ ) ( T  s - O ) ;  (2b) 

Oz 

"~=0, T = O .  (2c) 

We a s s u m e  that the r e l e a s e  of heat  does not depend on the spat ia l  coord ina te  (although this is not a 
fundamenta l ly  n e c e s s a r y  assumpt ion) .  

Af te r  in t eg ra t ing  (2) with r e s p e c t  to z f r o m  0 to 1, and using the boundary  condi t ions ,  we obtain 

OT av + ~ ('0 T. = ~ (T) 0 + q (~), 
O, 

(3) 

----0, Tar=0. (2d) 

can be established from the same equation (2), but with the 

(2e) 

The second  re l a t ionsh ip  between Tav  and T s 
aid of a boundary  condi t ion of the f i r s t  kind: 

z = l  T = T  s ('0. 

We use  a Lap lace  t r a n s f o r m  to so lve  (2), (2a), (2c), (2e) and obtain 

Tav = Ts ~ + qF, (4) 

whe re  ~ = th g-s/q-s; F : 1 / s [ 1 - t h  q-s/4-s] a re  the t r a n s f e r  funct ions for  the t e m p e r a t u r e  and the heat  r e l e a s e .  
We r ep l ace  the exaft  t r a n s f e r  funct ions by approx ima te  ra t iona l  funct ions .  One of the s imp le s t  ways  of 
doing this is to syn thes i ze  a s y s t e m  in the reg ion  of i m a g i n a r y  f r equency  r e s p o n s e s  [4], i .e . ,  fo r  r ea l  values  
of the p a r a m e t e r  (0 -< s -< ~).  F igu re  2 shows the funct ions ~(s) and F(s ) .  The approx ima te  values of the 
t r a n s f e r  funct ions  a re  r e p r e s e n t e d  as 

(5) 

OPap = 1+ Bs 

1 + As  + Cs ~ ' 

Fap = E 1 + Ds 
l + A s  + Cs ~ 

F i g u r e  2 shows ~ap and Fa p  for  the fol lowing p a r a m e t e r  va lues :  

A=0.43 ,  B =0.1, C=0.01 ,  D =1/30, E-- : l /3 ,  (6) 

s e l ec t ed  on the bas i s  of the r e c o m m e n d a t i o n s  given in [4]. 

By using the ra t iona l  f o r m  of (5), we can obtain a s e c o n d - o r d e r  o r d i n a r y  di f ferent ia l  equation with c o n -  
s tant  coef f ic ien t s  f o r  the unknown t e m p e r a t u r e s  T a r  and Ts ;  toge ther  with (1), (3), this y ie lds  a c losed  s y s -  
tem that so lves  the p r o b l e m :  

aE 
(~ = _ _  iT v-- Ts), 

1- -v  

dTav ~- ~ ('r) T s = 6 ('r) 0 q- q, 
dx (7) 

dZTav +43 dTav =i00Tav=10  ~ q- lOOTs -}-1,11 dq  +33,3q 
dr 2 d'r d'~ d "~ 

for "1:=0 T s = Tav=0,  dTav d1: -- q (0+). 

If we wish to allow fo r  the way in which the h e a t - t r a n s f e r  coef f ic ien t  depends on the t ime fi(T), it is 
b e s t  to solve  the p r o b l e m  in the f o r m  (7). If we take 13 = cons t ,  the s y s t e m  b e c o m e s  s i m p l e r .  Here  we 
m u s t  e l imina te  T a r  and T s f r o m  (7); we then obtain an equation in the unknown s t r e s s e s  a :  

d2a + a d~ dO d~O dq d~q 
dz 2- dx q- ba = eO q- d --d~c - -  c dx ~- q- lq q- k ~ - -  [ d'~ ~- ' (8) 

w h e r e  

eE 3.336 ~E 6 " d =  - 10+4'36 �9 b 106 �9 c -  
a 1+0.16 ' 1_4_0.18 ' 1 - - v  1 0 + 6  1 - - v  i+0 ,16  
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Fig. 3. Dependence of ~max 
on Four i e r  c r i te r ion:  1) ex-  
act solution; 2) solution by 
Eq. (9); 3) solut ionby Eq. (10). 
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Let us now compare our solution with the known exact solution [5] 
and quasis ta t ionary solution [3] for a l inear variation (see Fig. 3) in the 
tempera ture  | of the hea t - t r anspor t  medium, and q = 0. When p - -  
(the most  severe  case), we obtain different values of the maximum di-  
mensionless  s t r e s s e s ,  depending on the rate of change of the t empera -  
tu re ,dO/dr  = L X T / r *  

The "parabo!ie" quasis ta t ionary approximation [3] gives 

1 
~* - -- [1--exp(--3"c*)]. (9) 

m a x -  3"g* 

From the second-o rde r  approximation (8) we obtain 

0.316 (l'max T* [1,O155--O.O155exp (--40.5~*) -- exp (--2.5~*)]. (10) 

Figure 3 shows * C~ma x as a function of r*; the values were calculated from the approximate formulas 
given; the exact values were found from the Fr i tz  solution [5]. 

N O T A T I O N  

(r is the s t r e s s ;  
t is the time; 
T = ta/h 2 is the dimensionless  time; 
x is the coordinate normal  to the plate surface;  
T(x, t) is the plate tempera ture ;  
Toy is the average plate tempera ture ;  
T s is the tempera ture  of the plate surface;  
| is the tempera ture  of the hea t - t r anspor t  medium; 
h is the plate thickness; 
E is the modulus of elast ici ty;  
v is the Poisson ratio;  
o~ is the coefficient of l inear expansion; 
/3 =kh /X ,  r * = t 0 a / h 2  , q =h2qv/X;  
a is the thermal  diffusivity; 
qv  is the bulk heat re lease ;  
q is the hea t - t r ans fe r  coefficient.  
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